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Constructing the Learning Path of
Proportional Reasoning by Using

Cognitive Diagnosis Models
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ABSTRACT

This study aims to explore the learning paths of students in proportional reasoning
when solving problems with unknowns. Based on the literature review, the proportional
reasoning test employed five attributes and three hierarchical models were established:
an unstructured model and two divergent models. Cognitive Diagnosis Models (CDMs)
and their corresponding Q-matrices were then utilized to estimate student profiles and the
expected values on each item for each profile. Additionally, the test categorizes items into
four types based on within/between-ratio and integer/non-integer. Thus, it allowed us to
understand performance differences among different student profiles and item types. The
results indicated high consistency between three hierarchical models and responses from
high-performing groups. Comparing the DINA with Attribute Hierarchy Model (DINA-
AHM) and the Hierarchical Diagnostic Classification Model (HDCM), the saturated
HDCM model provided more information. The learning path constructed from the
expected scores of student profiles allowed us to understand which attribute mastery was
beneficial for improving student performance. Among the four item types, those
involving non-integer ratios in both within and between ratios are the most difficult.
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oAz = (Cognitive Diagnosis Models, CDMs)fJ H #2721 Z2 N
SHIEHREE » B4 TR TLRIRY0l6E - B2 T H BB EREE LV ES
B4 o BLAR TR RIEIS BE 1) T By A 5T 2 H4 AE (skill ) BE R E (attribute ) FT4H K
{ERERT R RFE A4 Q M= » RItB G ENEERERE - Batt—E
Q #EfH(Tatsuoka, 1983) » £ CDMs H1 » ARHELFFE AT Q FEfHPEE - AR
HWEAEREREE T FRIRAENE S BEFHZIERE » MR 2B 45y
FER A — 12 AR RS 2AGH A (attribute mastery patterns, AMPs; Tatsuoka, 1983)2fE &
B4 4H A (profile) » FEILFAAMAE 22 A T ARV BER II0R - DA & B2 R0y
% &£ (Duckworth et al., 2009) -

EEMETIY CDMs st - s8R A ERTRE - EEETR0AIEIES » FaE
AR ] B B B A W RE Y (E S ¢ (%2 DINA (the deterministic inputs, noisy
“and”gate model)f= = (Haertel, 1989; Junker & Sijtsma, 2001; Maris, 1999)fE = &R E
B4 AHSHZEER N Z FrERER > 2AFAgEHIE  mAER
DINO (the deterministic inputs, noisy*or’gate)f5 = (Templin & Henson, 2006)/& £ £
£ N EEZVENE P — (SR E R THIARE T %8 HHE Wi R (4 H DINA K&
DINO HYBEAIARER » ] HIFFE 2 e S HRECE . » 82 CDM E=(n] 7> B IEmiE
I (non-compensatory)zk i {E (compensatory)f%= & (Henson et al., 2009) » ZA[## o 45E
Z AR E MBI E R E AV REE > Henson ZE AFE 2009 S Log-linear
CDM(LCDM) - £ de la Torre 1 2011 SE85 4N HYERAFIRY CDM 55 GDINA >
A& 2 B R O] DA [H] 1Y CDM 555X [T F logit pREI(E Ry 2457 GDINA f&
HEEN LCDM(Ma & de la Torre, 2020) ©

CDMs [ & & i R IE R A2 e E R AREE TR E » 225 1/F CDM
HEZR T B2 ET B ¥R 25 » Hodt Tjoe i1 de la Torre 71 2014 ¥ B2 AL HY
EE {3142 H %% (the Proportional Reasoning Assessment, PRA) » R [FEHIBS 7 THTSE »
FIAHERE IRT E(EEHEEAAEEIE - TEEIMHERE TMEMERLE » AR ER
FE o BEHERAR profile A FEAMIE o BAMNFERFE 2 S AIGRE - 1A
"G & gAY (Attribute Hierachy Models, AHMs) » 77 8 [ g &5 s R AH T (MR
HETREME » EIRFE—(ERYE RS — (iR E SR B 0 e e I TR e
HI4H & %28/ (Leighton et al., 2004) - DL PRA Ryf5l] - EMIHVEFEEA 8 (@ 1
REEAARITEEEH WHE  DUE RAVPS SRS BER T ~ 3850 - W Bokas
AL MR IRAERE AR RAE TTREYER A 40 » T AR S ER A AR &S A L2 EY
HIGEREHETERET - HAEREEIAE 1 B8 Al RFTARERRF R RERLE
RITTE - (ERPE Al o] DS N AR S > AR A A RS A 129 (] S§HB A
FANETRTE A2a BFFE A2b BV R ~ A3a K2 A3b 52 A4 BSR4
SR ORI AARIANR D 2 61 (i - 3 3mFrE 2 HEa Al » WEIE A3a /& A3b
Fore A4 ST - ARREBATE G 2 A HIFF M - FREL A
P A3a K A3b > AEEER A4 o ARIHTAE TR TR B2 AR AT bR IR AV B PR K
(Learning path) » fRIEZZHIZZE 3(Leighton & Gierl, 2007; Tatsuoka, 2009; Rupp et
al., 2010) > E2EHVFEREFREEEAR Y - WIEFE CDMs 73 iTHV4ES - B4 T4
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f5 7 (Hierarchical Diagnostic Classification Model, HDCM) - [fij fEfE &I 22 Y&
E4R M (Linean) FE 54 - MIAFTAE S48 H/E DINA A1 DINO =0 N 73 J ARy AR
HHEA R 41 LCDM K HDCM ; FHARE#EEY HDCM SEaEAIE F2KER - DINA FECEE By
R [E > RIAWTFEHH DINA #E5X8 AHM #E{TH9% - ARG LEEEHL
B R AERE Q RPN F AR AR - T BUERE DL T g e EE
EE{X > f# f DINA-AHM(Cai et al., 2018; de La Torre et al., 2010; Kohn & Chiu, 2019) ;
[fl Yamaguchi 1 Templin & 2022 52 H LN LCDM R ifgsfE HatE AL
A SRR oy 2 A (B M R RSB RTE - EEMSIVRTE T2
EfENTEES > SHEL - FRAKSEHATEBEEE D MERRLES
(Yamaguchi & Templin, 2022) - AGHFEARES E FE HVPE B (% > WIREGE RS LELEEHT
FH DINA-AHM J; HDCM Wafdis=CE T/ A5 AR 4H A e ORI 2 BREEAE - &
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DA PRA HYFFEHEI TG » A3a iz A3b Syt bhE BT ESEL A= - bt fi=C
HIAR RIS » A4 TEERI=UE - B (E HEVSRES A BN - BEeRA ~ 49 8dE7 &
B85 > mEFEE A4 PRRE AR TOAR % > Bl AEAERFE R " NHE
FeREFYNETRIE | AETRE HEEHI YR A (Lobato et al., 2010) » ZRTTEEEANE
PE A5 T EHHL BB HETEEL BRI i’%ﬁﬁﬂﬁﬁﬁﬁtb@%ﬁ{% TEFI R EL I
P AR BUARIEI TR - I RFFE A6 o MIRIRELHI=CEF LB N BiEL(E R R B
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Henson(2006)75 ) CDMs JEiRFER LIRS SE RO BE S B0 Bl—HEEE
ARV E BRE § (TR HIVAYAEZCE - CDMs [ LLE A P (2 ft—aH %
BHRZEER - MAEA CTT 2 IRT BAIH I M EAIAEEE Y RE JI{E (de 1a Torre
& Minchen, 2014) ; 554h CTT #1 IRT #5584 > 2RI 800 R BRI > 280 73 80
[E]HERAEAE A IR T R K P TR G A R [E - B TS i R (e 2R
ELEE BB FAFT AT (A CDMs (T 0T /& & ER OISR Fr =R S
B ERIRPELE -

Q ZEf#/E CDMs HYRHFRAHRER 7 - SO T B EEVEAT IS ERFE B Z fEHY
B % o G40 > item 1 Y q-vector(fT1H&)/E[10000] » Fones—(EFHE BAEE LS
e _EHYME— 0 FRRE - PRA SRR R RIS R A i S8 HURERI2 BB - T PRA
Y Q FEP [ 2+75 Likun A (2020).2% 1 - SUEER 31 B EM 8 {&RyHE - 31 &
THENFERE > R E=ERE 0 1 Q EMAYRCEER RS - SRS
H IR TARESERCE - R RET 2l HY -
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HERERA0) > ATRE TS 4 FEATAEA4E - G40 © & @, =(L1) (RF55  firsd BLAHS
SEEEE 5 @, =(0,0) (RFTILELA T EERPVT A —(EFE - CDMs FIF{ER
TER S REEE SEN 2 R7H | - GDINA #85 » J2 SRk i A HY CDMs 3
Z— - WA G TR Z (EFHRIREA > BV EE § B2V o, 2R j RERTHE
IR ] R
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TE(L D) HIEEETE » B 5, = P, (00) Frem Ry R A AVE— PRI B S I 1%
50 536, = P,(10) - P, (00) F7 B A, H0-E SRR A1 AR —(BFES A, TR
I8, = P, (01)— P (00) F257% A, Y £ T 5 o 5 — (VT A, 961 -
B RSB0, ST IR R P W (R B T A B0 S R AR T 38 LA S AR

9% GDINA HEARIR(EE S FE e sl R o — (R E Y 2R DA
AREF AT AU - EH—E j BT K (EE0UERs - GDINA i EZEA:
2F 28 Rt GDINA SR S 8RR > HAEE S e ] DASS B RS (L -
MR HA LIRS - SHAMERE RAVRELEAA A-CDM » R-RUM = LLM #AE
0 E— SRR AV FHEE - SRS ZaV4NET - Eaks5RIEE de la Torre(2011) -

HTAFRATY CDM HYSCRRH > [R5y DINA B DINO #5025 5B R Ry
& FER AR » {2 FEERENRE 2 et A mE N Al E 2 M
HAEMEEECLE MEENEEE N ESHY » NIt Henson ZE A (2009)F2H Log-
linear CDM(LCDM) » B0 E R 2 | T3V E > 4] GDINA f0r 2003
JE b o RV RHEEEERERY S5 0 TR LCDM HERN A logit BREEF(LHY
GDINA &% » £ GDINA &t » HFERIAES K logitGDINA(Ma & de la Torre,
2020) - HpBEe~ R

(0[ )_ eXp(//{’jO + ilen +ﬂ“j2A[2 +ﬂﬁ/1,2AzlAi2)
1 exp(d,y + 4,4, + 4,4, +4,,4,4,)

Hep(1L2)aiEEIHE 4, REZAEE & AR j BT ENMERE - ez
HEWs R EE(log-odds) & 4, ;e A4, R HELERR - RS HIEAEFE 1 28 FE 2 Fr
SNBSS j B BB R A, BRVE 1 KRB 2 AV RSCER - Forsgat
FIRE AR J AT RN AW (B R B T A H 5 2 SR - Bt Al

LCDM 5 GDINA #[El4 /6 A At ek i & (HErE - RIS s tgA 2°

i@ - DAEEREFIF Mplus E{TLET > FLOTH R sE5HY GDAIN EffETEET R E
FLrHr(Ma & de la Torre, 2020) °

= BEREEA BT R

FelFrEEEOFERRER % MERE ALZ A2 YRR REZEE
IIEFETE Al I A RERAVETE A2 - IRFEISEEREREHRYS  REE
MY RIT » BRI - 2RI B E S5 T 2 IS B R RE - st
b B R RE AL S (LA R AR LA S (A e Bde 2 F - Bl
PIRRAERS: > AR HIERAEEL RS PRNNE - HEMRGRROE © AR AR NE -
PRIAARHESEEGRBCANBIR R BB SE - F RAYFE RS0 A R
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(Linear) ~ Yg#1(Convergent) ~ ##7(Divergent) ;7 F4518E{E(Unstructed) » DAE 3 K3l -
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Jia etal. (2021)FlFIATHSPLE PISA2012 720k} » {758 CDM it » 612 DINA -

DINO - GDINA - ACDM - LLM * RRUM F; LCDM - & 14 (EEZFEGE 2 15 5%
B TEGET ARV HERAR - IE5t 2 4 (EFE 0P e RE (% - SRR A
FCHEfEf TEwR » 4550 LLM R (E » M E AV RE DIzl 2 2 B2
IR AT S EEBHRPHEY > FOE AR B0 > SR RE 5271 e s A R
& BAHANEE PG R - A DINA ZeiE= A I I e A A T
ST 20 H WS T RESHIEER > AR E RS2

Templin A1 Bradshaw {F 2014 fF#¢EH HDCM - &[S EHERIVELE - #1T Q FE
P BRE AT TR BT 9T 45 RIATEAR PR E T - DINA B DINO HY /3 JHAERERS HH
XY LCDM =, HDCM ; H}/Y DINA #E{EE S BIE R B2 E(g)) kiR s
Hi(sy) - RLAEWTERFEREREIEERY Q JEMH#ElT DINA 73H7 » f2 K DINA-
AHM(Cai et al., 2018; de La Torre et al., 2010; Kohn & Chiu, 2019) » <758 E %
RANFTARYE - QB ERZLENRR B — 5 RZAGEER g, » FEMEER %
FIEEREHAEEE LA P E > DA = B (B Q FEFH(RFE#UE 30 sl EL S 4)

B 7 RS E R A1R 3 > 1] i DINA-Linear f5550 T - 2440104 4
fd > [fif DINA-Diverge fz0 T » B4R 17(101) » 7255 =V HER Bl — 55

DArAfEsS AT TERES - K5 A2 B A3 K78 (B B HE R -

3
i%lNA-AHM i Z A S B IRER
g ['E—LIQE 43R (DINA-Linear) 25 (DINA-Diverge)
A% 000 100 110 000 100 110 101 111
1 1 0 O g1 1-54 1-5; 1-—359 g1 1-5; 1—-s5; 1—5 1—5;
2 1 1 0 Jop; g2 1-5, 1-5, g2 g2 1-s, 1—-5s, 1-35,
3 1 0 1 93 93 93 1-s3 93 93 93 1-53 1-s53
4 1 1 1 94 94 94 1—s, 94 94 9a 94 1-s4

ZREGE © Kohn & Chiu(2019)

£ 2022 4 Yamaguchi fil Templin $2HFILL LCDM BB EHAE AT L
SR SR — T B TS 6 (00 SRR SRS S » 4R
WS EE IS BT R TS BT R B R AR

E[ X, ac]:iE[Xa ac}=ia)d 2.1

ac]=iV[ch ac]=iwc,- (1-@,) 22)

TG/ R E 2 #E 2% (conditional standard error of measurement, CSEM) & fEZ &
B2 E MU (R 2 - 75 2014 SRRV B 0 PRI B 54 (the Standards for
educational and psychological testing)—E$¢ iz CSEM ¥ EHEIE - A ENEE 57
B E TS » Yamaguchi A1 Templin j<7 i {652 A4 4H 29 7 [E]HY RH S 70 8y 22 FEEA
CSEM - Fafigttis » #EimE HARRE S AW E > ZHEHTE (Hasse diagram)
ARIEEREHEE LS - $fiT DINA-AHM - F5RERFEE A 4R A K H AR RERVIF I S 3 s ok

VX,
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R S B P S R I o BT ISR HEtE CSEM - {8 mfEEo Wi 28 2 Ffy 7
TR R BTR S E EHIIE B R AIRE B 1T & - TR BB R BT HIBI R
FYEAFAMEE 2 7252 -

£ CDMs TP AHBRaL & 2 RV B A (o I MRS — B+ W] 2009 4F
Cui # Leighton FrfgH &g —24: 512 (Hierarchy Consisitency Index, HCI) » E/\H

2% 0 T (1-x,)
N

HCI,=1- (2.3)

Hrp Sy (BRI I EEE RIS © X, R4 i fE3E /915530 22 1) -
HEEE Sy~ S, (AREE j FTHIBRVRFERVEGTIP VRS ~ X, B4
el g » Hal g BAE S, BHEEN » IR R N, R A § B
bhimcsasy > A BAETEE @240 HCL, > o] 2 ERERYE IS e /2 B RE#
AR HE MR -1 2 +1 2/ > 35 HCL B -1 » (AREB R I (FE BB E
P& Il R - B AR E S B AR S A4 ¢ (R TSI RY R - TREE 5 RIS
BEEETR  ME2 » 5 HCLEEL+1 > FEISE ] DR | R
fiftRE <R (Cui & Leighton, 2009) » (R HCI ..., (24 HCI 2 SE145)5¥E CDMs B
b &R RS CURIRCTE » SIS R E Bl 2y - HEEH R CDMs 198
FEM AT TR EE » 26 DL.60 1 Ky AT RECHIRRAE - R0A.80 1 3 F | 2810 s Roberts, Alves,
Chu, Thompson, Bahry 81 Gotzmann(2014)#]F I & 8 {lEFrEHVEEZET & - FIH
B PRI (SR 1 PR B2 A SR AR I B BB A (RS R ETT HCL 4y 5T DURE
HCI . 5y R =AEHER] - — & HCL,,, >80 JE 5 MfC - HYUE BTN » H HCL,. /Y
172,60 .80 7 [H]» 55 =4 Ry R B > H: HCI ..., < .60 (Cui & Leighton, 2009): Roberts
NI FARIBER AR Sy BEAETT HCL 2 PR - SE3RAE SN - WitEsS
FURAIH HCL .y, (85 FIL.8T) AR 4R BIFHAL(.80) - ZEIFHS MC 2 AR - M P Fae
TIHVERAEGESRAR ML > TR MRS BRI HCL ., (A8 RIS RN AR 47) > 35
FE.60 ; TKAEJI4H HCL .y, (-.26 F1-25) KA GRAIEAY(-.32) » BUEIG/NA 0> AT R
BRI HCL,,, 2 BB - KA A PRAIIE S 8 (@FFE - H
FIFH R A 6] 2 B iR > HCL,,, DL.60 1 Fy ELATHEIC 2 A4 » (F Ry B2 A (R 240 Y
BB EMS IR RE A — B A -
Sy e BRI PR i LR 22 0 BUR HL B 70 Bi(true score)fill_ERR7Z T BN PR AR 2R -
FENEE AR
&ﬂ:EE%%Z§£%ﬂE§%ﬁ%Z§£%
Bl SR BEH R
Yamaguchi 1 Templin(2022)F(H _E=X » Bo& CDMs Frfdatiy &2 4= 40 ARV ZE 77
BHR S AR Ppen * HAZAIT ¢
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& A2b eI - A3 Al Ry (EFE > 73l Ry 2 T EE(E (A3) K I EEB(A3D) ;
Ad JEHEE — (BT ZHIHVSRAR (5 > FIRT A3a ~ A3b B Ry A4 HYSLIRIRME 5951
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B CDMs HYSCRR % Rt AV 2Rty S - AR BEE RE T o - R E
VRSN ~ SAEHA I BT - SAPERPEIELS] - 8 Q JEIEHYERES
JiE ~ EAAREREEES o (2D PRA BRHEST CDMs 4347 » S DL S g
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